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Prime p has only two factors 1 and p (ignore -1, -p)

Every integer can be expressed as a (unique) product of primes

Proof by contradiction: suppose p is one of the pi
1) By definition of p, p divides n
2) By hypothesis, p divides p1...pr

Therefore p divides 1, contradiction, invalidates hypothesis 



Infinite sequence of Fermat numbers

Any two Fermat numbers are coprime -> infinite number of primes (proof: F1 has to be coprime with the 
rest of the sequence. Each of Fi’s leftover prime wrt to F1 has to be unique otherwise Fi  and Fj would not 
be coprime. But the Fs are unbounded, with finite primes, contradiction)

Choose any two arbitrary Fermat numbers, show that common divisor is 1, ie they are coprime



Abstract Algebra Background

Group, G, is a set of elements with an operation (*) which is

1. Associative (brackets don’t matter - a * (b * c) = (a * b) * c = a * b * c
2. Exists an identity element e, \forall x in G, x * e = x = e * x
3. For all x in G, exists an inverse x-1 such that x-1 x = e = x x-1

Subgroup, S is a subset of G s.t

1. S is closed to the operation (e.g forall x, y in S, x * y in S)
2. S is closed to inverses (e.g forall x in S, x-1 in S)

If (1) and (2) hold, S is also a group.

Order of a: least positive integer m s.t am = 1 if it exists otherwise ord(a) = \infty

E.g Suppose am = 1, then {a, a2, …, am} is a group. (i.e inverse of a is am - 1, identity is am)

Theorem: If ord(a) = n: at = 1 iff  t is a multiple of n



Relation: Set of ordered tuples

Equivalence relation: A relation that is reflexive, 
transitive and symmetric (i.e kind of like a generalized 
equals sign)

Equivalence class of a: The set of all elements such that 
x ~ a

Proof notes:

● Coset definition from a ~ a-1

● |Ua| = |U|, bijection f: U -> Ua where f(u) = ua
● Equivalence classes partition a set (cosets of U, all 

of same size, partition G) 
● |G| = number of distinct equivalence classes * |U|



Order of a: least positive integer m s.t am = 1 if it exists otherwise ord(a) = \infty

Theorem: If ord(a) = n: at = 1 iff  t is a multiple of n

ord(2) = p. Suppose not, there exists k s.t ord(2) = k, k < p. But by above theorem, then p is a 
multiple of k which cannot be true as p is prime. There ord(2) = p.

Zq / {0} = {1, 2, …, q}

Cyclic subgroup of <2> = {21, 22, …, 2p} (why not 2p+1? 2p+1 = 2p 21 = 1 21 = 2 is already in the 
group)

By Lagrange, since <2> is a subgroup of Zq / {0}, …

Also, p | q - 1 -> p < q? Exists k >= 1 s.t p k = q - 1, k = (q - 1) / p >= 1, q - 1 >= p -> q > p



Sum 1 / m contains all the previous terms and some more

Swapping sum/product isn’t obvious to me but examples 
work



Finite series -> convergent so series diverging -> 
infinite series

Definition of convergent series: 


